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Froa  the  frequency-convolution  theorem. 


Vg(t)    •  g(t)        V^(f)   *  G(f)  (2-34) 

where  V  (f)   and  G(f)   are  the  Fourier  transforms  of  v^(t)   and  g(t),  respec- 
tively, ar.d  tne  symbol   (*-►)   reads  "is  the  transform  of"  in  both  directions. 

The  Fourier  transform  of  v„{t)   is  (61 

e 

n=»      sin(Ttnf  t) 
V^(f)=ATf^     I  .   5(f-nf^)  (2-35) 

n=-<»  o 

wnere  5  is  the  unit  impulse  function.     The  Fourier  transform  of  g(t)  is 

G(f)   =  T  (2-36) 

wnicn  is  similar  to  eq.    (2-14)   except  that  in  this  case  the  imaginary  part  is 
zero  because  of  the  choice  of  time  origin.     Therefore,   the  Fourier  transform  of 
v^{t)  is 

Vj.{f)    =  V^(f)    *  G(f) 


Aif  T 

r\  f 


n=^   sin(:Tnf  t)  )       ■  , 

b^l    i   ^(f-^y  wfT  ' 

I  n=--  o  J 


[  n=«>'    sin(;Tnf  t)       sinL^Cf-nf  )T]] 
=  ATf  T       j  °       •       .rf-„f    •  (2-19) 


o  I     £  „      ^nfx  (f-nf^)T 
1   n=-'»>  o  o 


2.8    Derivation  of  v  (t) 

 P 


For  tne  baseband  pulse,   figure  2-1,  we  use  eqs.    (2-2)   and   (2-14)    to  obtain 

Vp(t)  =  /"    Vp(f)e^2''ft  . 

_  .      f"  sin(Ttf t)  (27rf t--f t)_ 

_         ^f  T 


At  /     2inIllLL  c03(2TTf  (t-T/2)  Jdf ,  (2-20) 


AT  /  ^>   sin[2TTf(t-T/2))  =  0. 


2a 


Fourtn,   twice  t±ie  magnitude  of  the  Fourier  transform  is  defined  as  the 
spectrun  amplitude,  and  is  a  useful  engineering  quantity  because  it  appears  in 
tnis  fora  in  many  useful  algebraic  relationships.     Like  the  Fourier  transform, 
it  is  a  continuously  defined  function  in  the  frequency  domain,  and  not  a 
aiscrete  line  spectrua  nor  a  single-valued  quantity  independent  of  frequency. 
It  may  net  of  itself  be  sufficient  to  adequately  describe  a  physical  signal  in 
tne  frequency  domain.     One  may  also  need  to  know  the  phase  of  V(f ) . 

Finally,   the  dimensional  units  of  spectrum  amplitude  are  both  volt- 
seconds  and  volt3  per  hertz,  equivalently .     However  there  may  be  practical 
reasons  for  using  one  set  of  units  rather  than  the  other. 


2.7     Derivation  of  V^(f) 


IS  tn- 


For  the  finite  regularly  repeating  function  shown  in  figure  2-6 (a) .  v^(t) 
ie  product  of  the  eternal  periodic  function,  v^(t),   and  a  gate  function. 


Vj.(t)   =  Vg(t)    •  g(t) 


(2-31) 


v^{t)   =  A,   -  1  <  t  '  1 


=  0, 


|<t<| 


T 

2" 


_  1    +  >.  ,  t  <  -  1 


=  A, 


1 

T 
o 

1 


o 


^  2 


=  0, 


^  +  _  <  t  -  J-  -  2" 

o  o 


o  o 


(2-32) 


and 


T  T 
g(t)  =  1'  -  2"  <  t  <  J 

=  0  elsewhere. 


(2-33) 


19 


16 


section  2.8) 


Vp(t)   =  At  /  ii^i^^  cos[27if  (t-T/2)  ]df .  (2-20) 

Sote  that,  in  general,   the  value  of  v(t)   at  any  time  t  is  an  integral  over  fre- 
cy3.aT.cy  of  a  function  of  frequency.     Thus,  v^(t)   is  also  an  area  which,   in  this 
Qxanole,  has  the  dimensional  unit  of  volts. 

Figure  2-7  shows  a  portion  of  a  three|-dimensional  plot  of  the  integrand, 
z(f,t),  of  eq.    (2-20),  where 

z(f,t)   =  At  cos[2Trf  (t-T/2)  ]  .  (2-21) 

This  wavy  surface  has  a  "sine  x  over  x"  shape  in  the  frequency  direction  at 

tine  t  =  t/2  and  a  cosine  shape  in  the  time  direction.     The  surface  extends  to 

plus  and  minus  infinity  in  both  the  time  and  frequency  domains.     The  area  under 

the  function  2(f,t),  at  a  specified  time  t,  is  the  value  of  v  (t)   at  that 

P 

tir;e   (see  figure  2-8)  . 

Because  v(t)   for  every  physical  signal  is  a  purely  real  function  of  time, 
v(f)   is  Hermitian,  and  therefore  its  real  part  is  alway  an  even  function,  its 
imaginary  part  is  always  odd,  and 

V(f )   =  V* (-f) .  (2-22) 
Using  this  mathematical  property,  eq.    (2-2)  can  be  written 

v(t)  =  2  /   |v(f)|   cos[2TTft  +  C.(f))df,  (2-23) 
o 

where  i(f)   is  the  phase  of  V(f).     Equation   (2-23)   applies  to  all  physical 
signals.     This  form  of  mathematical  representation  has  the  engineering  merit  .  . 
that  the  integral  is  over  the  posiCxve~frequency^tiom"a±n~ontyr  ~' 
The  spectrum  amplitude 

S(f)   =  2|V(f) I  (2-24) 

thus  appears  explicitly  in  eq.    (2-23)   as  the  amplitude  of  a  cosine  function. 
The  quantity  2]V(f)|   also  appears  in  other  working  equations  where  a  spectrum 
amplitude  is  involved. 

Three  examples  where  S(f)    is  used  are  as  follows: 

1.       If  v(t)    is  applied  to  a  two-port  network  which  has  an  impulse  response 
h(t),   the  network  response,  r(t),   is  given  by  the  equation 

r{t)   =  /  S(f)    •    iH(f)|    •  cos[2Trft  +  <>>{£)    +  e(f)ldf  (2-25) 
o 

where  iH(f)|   and  S(f)   are  the  magnitude  and  phase  of  the  transfer  function  of 
the  network.     It  is  this  application  for  which  the  knowledge  of  spectrum  amplitude 
has  its  greatest  practical  use,  namely,  for  the  calibration  of  Field  Intensity 
Meters  and  Noise  Meters. 
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